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Abstract. We prove the existence of random attractors for a large class of 
degenerate stochastic partial differential equations (SPDE) perturbed by joint 
additive Wiener noise and real, linear multiplicative Brownian noise, assum- 
ing only the standard assumptions of the variational approach to SPDE with 
compact embcddings in the associated Gelfand triple. This allows spatially 
much rougher noise than in known results. The approach is based on a con- 
struction of strictly stationary solutions to related strongly monotone SPDE. 
Applications include stochastic generalized porous media equations, stochas- 
tic generalized degenerate p-Laplace equations and stochastic reaction diffusion 
equations. For perturbed, degenerate p-Laplace equations we prove that the 
deterministic, oo-dimensional attractor collapses to a single random point if 
enough noise is added. (The final publication is available at link.springcr.com). 



0. Introduction 
We study the long time behavior of solutions to SPDE of the form 
(0.0) dX t = A(t, X t )dt + dW t + fiX t o dfy, 

with drift A satisfying a supcrlinear/degenerate coercivity property (cf. (A3) below) 
and fi G M. Here, o is the Stratonovich stochastic integral. Our analysis will be 
based on a variational formulation of (|0.0p with respect to a Gelfand triple V C H C 
V* . We extend known results on the existence of random attractors for quasilinear 
SPDE by allowing spatially much rougher noise, which in applications corresponds 
to assuming less spatial correlations. More precisely, we only require the Wiener 
process W to take values in H which is the natural choice of noise as far as trace- 
class noise is considered. This generalizes the results given in (BJ[3D|. In addition, 
we treat joint additive and real, linear multiplicative noise, which causes difficulties 
in establishing asymptotic a priori bounds (i.e. proving bounded absorption). The 
key point is to realize that starting from probabilistic (variational) solutions it 
is possible to construct Lo-wisely strictly stationary solutions (cf. Definition 11.111 
below). 

Probabilistic methods to analyze the long-time behavior of (|0.0|) in terms of the 
crgodicity of the corresponding Markovian semigroup often require non-degeneracy 
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conditions for the noise. On the other hand, so far the construction of stochastic 
flows for quasilinear SPDE required spatial smoothness of the noise, thus excluding 
non-degenerate noise in many cases. Our construction remedies this obstacle and 
hence allows to combine ergodicity results with the essentially pathwise methods 
from the theory of random dynamical systems (RDS). We emphasize this point by 
proving that the oo-dimensional attractor of perturbed, degenerate, deterministic 
p-Laplace equations collapses to a single random point if non-degenerate additive 
noise is included. While such a regularizing effect of additive noise in terms of 
reduction of the (fractal) dimension of the attractor is well-known for several sys- 
tems with corresponding finite-dimensional deterministic attractor (cf. e.g. [71ll6ll35j 
and Section 12.41 below) , the regularizing effect observed in this paper is stronger in 
the sense that an oo-dimensional deterministic attractor is shown to reduce to a 
zero-dimensional random attractor. 

The generation of RDS associated to SPDE is usually proven by transforming 
the SPDE into a random PDE. In case of SPDE driven by additive noise the 
transformation is based on subtracting the noise, which requires the noise to take 
values in the domain of the drift. However, for semilinear equations 

dX t = (AX t + F(X t ))dt + dW t , 

it is well known that in the construction of an associated RDS the noise W may be 
allowed to be an 77-valued process by instead subtracting the stationary Ornstcin- 
Uhlenbcck process corresponding to the linear SPDE 

dX t = AX t dt + dW t . 

We generalize this method to quasilinear SPDE by constructing strictly stationary 
solutions to nonlinear SPDE of the form 

dX t = M(X t )dt + dW t , 

where M : V — > V* is a strongly monotone operator. This enables us to use the 
regularizing property with respect to the noise that is built into the variational 
approach to SPDE. More precisely, for noise W taking values in H the strictly 
stationary solution takes values in the domain of A, i.e. in T>{A) — V C H almost 
surely 

The standard transformation of (|0.0[) into a random PDE proceeds by first can- 
celing the multiplicative noise, by setting X^ (t, s;ui)x := e~ ti ^ tJ 'X(t, s; lo)x and 
then by subtracting the resulting additive noise X^(t,s;uj)x - 

J e~**P r odWr(w). Thus, we have used the transformation T(t, s; oS)x := e"^ 13 *^ x— 
ft e -M/3r o dW r (u) and X^ solves an w-wisc random PDE which can be used to 
deduce w-wise asymptotic a priori bounds needed to prove the existence of a ran- 
dom attractor. However, due to the s-dependence of the transformation mapping, 
asymptotic bounds for X^ (for s small enough) do not imply analogous bounds for 
X since T~ 1 (t,s;uj)x is not necessarily uniformly bounded for all s small enough. 
Instead of subtracting the integral J e~^ r o dW r itself, it is therefor crucial for 
the analysis of the long-time behavior of (|0.0[) to base the transformation on a 
(nonlinear) strictly stationary solution u : M x Q — > H corresponding to 

ut =u s + j M(u r )dr + J e^ 12 "- o dW r , P-a.s. Vs < t, 

where Zt is the stationary Ornstcin-Uhlcnbeck process for dz t = —z t dt + dj3t- The 
corresponding transformation Tit; uj)x := e~ ,iZt ^x — u t (w) does not depend on the 
initial time s anymore. In order to deduce asymptotic bounds we require bounds on 
the growth of u s as s — > — oo. Such bounds may be derived from Birkhoff 's ergodic 
theorem as soon as we have proven u t to be strictly stationary (i.e. u t {uj) = uo(O t uj)). 
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Again, this technique is applicable only for the stationary solution u, not for the 
integral J e _At ^ r o dW r itself. 

The usual approach to prove the existence of random attractors consists of two 
steps. First, the existence of a bounded attracting set is proven which corresponds 
to a uniform bound on the H-novm of the flow. In the second step this is used 
to prove the existence of a compact attracting set using bounds on some stronger 
norm || • \\s such that S H is compact. The control of the stronger norm || • \\g 
requires the noise to be sufficiently smooth. In case of stochastic porous media 
equations (SPME) this essentially leads to the assumption of AW taking values in 
V = L a (0) [3D] or less restrictive VW taking values in V = L a (0) [5], while for 
stochastic reaction diffusion equations (SRDE) [21] requires W € H 2 (0) n Hq(0). 
For more details we refer to Section [3] Adapting a method from [9] we prove 
compactness of the stochastic flow based only on the standard coercivity assumption 
of the variational approach to SPDE and on the compactness of the associated 
Gclfand triple V C H C V* . Control of a stronger || ■ ||s-norm thus becomes 
obsolete and we can allow rougher noise taking values in H . 

In addition, we can drop the approximative coercivity property of the drift [30l 
(H5)], which allows to treat generalized porous media equations and generalized 
p-Laplace equations. In particular, the framework of [5] is fully covered. For more 
details on SPME we refer to [MS][13[M1[M1[S31I11I1S] and the references therein. 

The long-time behavior of SPDE of the form (|0.0j) with degenerate drift fun- 
damentally differs from the case of singular drifts (as e.g. stochastic fast diffusion 
equations). The case of singular SPDE has been treated in [37]. These differ- 
ences can already be observed in the deterministic case in which the solutions to 
the porous medium equation decay polynomially (cf. P]), while the fast diffusion 
equation exhibits finite time extinction (cf. [JS] and references therein) . For further 
deterministic results on the existence of attractors for degenerate PDE we refer 
to [SHniinilTlllinEZlHSlEn] and the references therein. 

In Section 1 we will recall the basic notions and results concerning stochastic 
flows, RDS and random attractors. In Section 2 we will provide our precise frame- 
work and state the main results. Applications to various SPDE are given in Section 
3 and proofs of the results are provided in Section 4. 

1. Stochastic Flows and RDS 

We recall the framework of stochastic flows, RDS and random attractors. For 
more details we refer to [TJ [30] HUES] ■ Let (H, d) be a complete separable metric 
space and (Q,F,F,{O t }teR) be a metric dynamical system, i.e. (t, ui) n- 9 t (uj) is 
(B(R) ® F, J r )-measurable, 9 = id, 9 t + s = 9 t o 9 S and 9 t is P-preserving for all 

s,t e E. 

Definition 1.1. A family of maps S(t,s;u)) : H — > H , s < t is said to be a 
stochastic flow, if for all to £ Q 

(i) S(s, s;u>) = idn , for all s £l. 

(ii) S(t, s; oj)x = S(t, r; ui)S(r, s; oS)x, for all t > r > s, x € H . 
A stochastic flow S(t,s;ui) is called 

(Hi) continuous if x i— > S(t, s; ui)x is continuous for all s < t, lu £ Q. 
(iv) measurable if cj — > S(t, s;ui)x is measurable for all t > s, x € H . 
(v) a cocycle with respect to 9 t if S(t, s; uS)x = S(t — s, 0; 9 s lu)x for all x G H , 
t > s, oj £ Q. 

The concept of RDS is closely related to cocycle stochastic flows. Let <p be an 
RDS, i.e. tp : M + x ft x H —> H measurable, (p(0,u>) = idn and 

ip(t + s, lu) = ip(t, 9 s u>) o tp(s, ui), Vs, t > 0, wSfl. 
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Then S(t, s; uj) := ip(t — s, 9 s ui) is a measurable cocycle stochastic flow. Conversely, 
let S(t,s;u) be a cocycle stochastic flow and (t, ui,x) H> S(t, Q;ui)x be measurable. 
Then tp(t,u) := S(t,Q;u) defines an RDS. 

Definition 1.2. A function / : K — > R + is said to be 

i. tempered if lim.r_j._oo f r e r>r = for all rj > 0. 

ii. exponentially integrable if f £ L ; 1 oc (]R;R + ) and J_ f r e vr dr < oo for all 
t G K, 7] > 0. 

We note that the product of two tempered functions is tempered and the product 
of a tempered and an exponentially integrable function is exponentially integrable 
if it is locally integrable. For two subsets A, B C H wc define 

{sup inf o!(a, b), if A ^ 
oo, otherwise. 
In the following let S(t, s;uj) be a stochastic flow. 

Definition 1.3. A family {D(t, w)}teR,wen of subsets of H is said to be 

i. a random closed set if it is W-a.s. closed andui — > d(x, D{t,ui)) is measurable 
for each x £ H , t £ K. In this case we also call D measurable. 

ii. right lower- semicontinuous if for each t £ R, uj £ Q, y £ D(t,ui) and 
t n \. t there is a sequence y n £ D(t n ,U)) such that y n — > y or equivalently 
d(y, D(t n ,uj)) — > 0. 

Hi. tempered if t i— > ||_)(t, <j)||jj is a tempered function for all ui £ f2 (assuming 

H to be a normed space), 
iv. strictly stationary if D(t, ui) — D(0, 9 t ui) for all uj £ CI , t £ M. 

From now on let 2? be a system of families {D(t, u))}teR,uen of subsets of H. 

Definition 1.4. ^4 family {K(t, w)}teR lW gn of subsets of H is said to be 

i. T>-absorbing, if there exists an absorption time sq = sq(u), D,t) such that 

S(t,s;u>)D(s,ui) C. K(t,u), Vs < sq, 

ii. T>- attracting, if 

d(S(t, s; (j)D(s, u>), K(t, uj)) -> 0, s ->• -oo 
/or all D £ T>, t *E M. and uj £ S7o, where fig C is a subset of full IF '-measure. 

Definition 1.5. _l stochastic flow S(t,s;u>) is called 

i. T>- asymptotically compact if there is a T>- attracting family {K(t,U))}teM.,ueQ 

of compact subsets of H , 
ii. compact if for all t > s, uj £ f2 and B C H bounded, S(t, s;uj)B is precom- 
pact in H . 

Wc define the f2-limit set by 



fi(D,t;w) := p| (J 5(* > t;w)D(t > w) 

and observe 

Q(_), t;w) = {x £ If | 3s n — > — oo, x„ £ D(s n ,uj) such that S(t, s n ;ui)x n — > a;}. 

Definition 1.6. Let S(t, s;u>) be a stochastic flow. A family of subsets {A(t,uj)}t<£m.ujt£n 
of H is called a D-random attractor for S(t,s;u>) if it satisfies V-a.s. 
i. A(t,uj) is nonempty and compact for each t£R. 
ii. A is T>- attracting. 



RANDOM ATTRACTORS FOR DEGENERATE SPDE 



5 



in. A(t,uj) is invariant under S(t, s; uj), i.e. for each s <t 

S(t,s;uj)A{s 7 uj) = A(t,w). 

In the above definition we do not require the random attractor to be strictly 
stationary, since we are also interested in the long-time behavior of stochastic flows 
that do not necessarily satisfy the cocycle property. We will observe below that the 
proof of existence of a random attractor for such time-inhomogencous systems is 
very similar to the cocycle case. On the other hand, there are significant differences 
between random attractors in the sense of Definition 11.61 and strictly stationary 
random attractors. In particular, random attractors in the sense of Definition 11.61 
are not necessarily unique even if 

{C C H\ C compact} C V, 

in contrast to strictly stationary random attractors (cf. [IB])- Similarly, the random 
attractors considered here are not necessarily connected even if the state space H 
is. 

The following theorem providing sufficient conditions for the existence of random 
attractors can be found in |27j . Let o G H be an arbitrary point in H. 

Theorem 1.7 (Existence of Random Attractors). Let S(t, s; uj) be a continuous, T>- 
asymptotically compact stochastic flow and let K be the corresponding T> '-attracting 
family of compact subsets of H . Then 

A( , \ _ JU De3 j"(At;w) ,ifujefi 

A(t,UJ) :- < , . 

Ho} , otherwise 

defines a random T>- attractor for S(t,s;uj) and A(t,u>) C K(t,u) PI £l(K,t; w) for 
all (where VLq is as in Definition \l .J$ . 

Let now s i— > S(t,s;uj)x be right- continuous locally uniformly in x and S{t,s;ui) 
be measurable. Further assume that there is a countable family T>q C T> consisting 
of right lower- semicontinuous random closed sets such that for each D G T>, uj G O 
there is a Dq € T>q satisfying D(t,u>) C Do(t,uj) for all t £ R small enough. Then 
A is a random closed set. 

If in addition S(t,s;u) is a cocycle and T>o consists of strictly stationary sets, 
then A is strictly stationary. 

We now recall the notion of (stationary) conjugation mappings and conjugated 
stochastic flows (cf. [5Tll32| '). 

Definition 1.8. Let (H,d),(H,d) be two metric spaces. 

i. A family of homeomorphisms T — {T(t, u) : H — > if }tgR,wei2 such that the 
maps oj i—)- T(t,U))x,T~ 1 (t,uj)y are measurable for all t £ M, x G H,y G H. 
is called a conjugation mapping. T is called stationary ifT(t,uS) = T(0, 6 t u)) 
for all t G R. uj G 0. In this case we set T(w) := T(0, w). 
ii. Let Z(t, s;uj), S(t, s;uj) be stochastic flows. Z(t,s;uj) and S(t, s;u) are said 
to be (stationary) conjugated, if there is a (stationary) conjugation mapping 
T such that 

S(t, s;lj) = T(t,oj) o Z(t, s;ui) o T _1 (s, uj). 

An easy calculation shows that stationary conjugation mappings preserve the 
stochastic flow and cocycle property: 

Proposition 1.9. LetT be a conjugation mapping and Z(t,s;uj) be a (measurable 
and continuous) stochastic flow. Then 

S(t, s; uj) := T(t, uj) o Z{t, s; uj) o T _1 (s, uj) 
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defines a conjugated (measurable and continuous) stochastic flow. IfT is stationary 
and Z(t,s;uj) is a cocycle then S(t,s;u) is a cocycle. 

Next, we note that the existence of a random attractor is preserved under con- 
jugation. The proof of compactness, invariance and attraction for the conjugated 
attractor is immediate. Its measurability follows from the measurable selection 
Theorem [H Theorem III.9]. 

Theorem 1.10. Let S(t,s;ui),Z(t,s;u)) be stochastic flows conjugated by a conju- 
gation mapping T consisting of uniformly continuous mappings T(t,uj) : H — > H. 
Assume that there is a T> -attractor A for Z(t,S)0j) and let 

V := {{T(t,u>)D(t,u>)} tew , ueQ \ D G V). 

Then A(t,U)) := T{t,uj)A{t,uj) is a random T>- attractor for S(t,s;uj). If A is 
measurable then so is A. 

We will require the following strong notion of stationarity: 

Definition 1.11. A map X : M x f2 — > H is said to satisfy (crude) strict station- 
arity, if 

X(t,u) = X(0,9 t u>), 

for all L) G and f 6 K (for all ( e I, P-a.s., where the zero-set may depend on t 
resp.). 

Since P is 9- invariant, crude strict stationarity implies stationarity of the law. 
Constructions of stationary conjugation mappings are based on strictly stationary 
processes. Since most constructions in stochastic analysis, like stochastic integrals 
and solutions to stochastic differential equations arc based on limits in L (fl) or 
limits in probability, usually only crude strict stationarity is satisfied. The step 
from stochastic analysis to RDS thus requires the selection of indistinguishable 
strictly stationary versions. The following Proposition is an easy adaption of [571 
Proposition 2.8]. 

Proposition 1.12. Let V C H and X : R x il — > H be a process satisfying crude 
strict stationarity. Assume that X. € C(M.;H) n Lf oc (H;V) for some a > 1, P- 
almost surely. Then there exists a process X : K x il — > H such that 

i. X.(lu) £ C(M; H) n Lf oc (R; V) for all well. 

ii. X, X are indistinguishable, i.e. 

F[X t + X t , for some t G M] = 0, 

with a 8-invariant exceptional set. 
Hi. X is strictly stationary. 

2. Setup and Main Results 
As mentioned in the introduction we will consider SPDE of the form 
(2.1) dX t = A(t, X t )dt + dW t + nX t o d/3 t , 

where W :Rx ^ H is & trace class two-sided Wiener process in H with 

covariance Q and f3 : M x il — > M. is an independent two-sided real valued Brownian 
motion. The drift operator A will be specified below. Note that A may depend on 
a random parameter u> G fi which for simplicity we suppressed in the notation of 
(EED- 

In this section we will state the main results and their assumptions, while the 
proofs are postponed to Section 4. 
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Let H be a separable Hilbert space and V be a reflexive Banach space continu- 
ously and densely embedded in H. This yields the Gelfand triple 

V C H C V*. 

In particular, there is a constant A > such that IHI^ < A||w||y. 

We assume (W, (3) to be given by their canonical realization on Cl := C(R; HxM.) 
with the canonical filtration {J^jtgR and Wiener shifts {9t}teR- Let P be the law of 
(W,P) on H x R. Then (fi, J 7 , {Jt}tGE, {#t}teK, P) is an crgodic metric dynamical 
system. We denote the completion of (Cl, T , {J r t}tes.: P) by (fi, .F, { J" t } t6 R, P). 

Assume that 

i:Ixyx!]->r, 
is such that : M x F -> F* is (B(R) <g) B(V), £(V*))-measurable for each 

w G 0. We extend A by to R X H X Cl. Further, we assume that there are 
pathwisc right-continuous mappings C : R x f2 — ^ R, c : R x O ^ R + \{0}, a 
function / :MxSl4l with f(-,oj) G L ; 1 oc (M) and a constant a > 2 such that 
(Al) (Hemicontinuity) The map 

S l ^ y* (A(t, Ui + su 2 ; w), u)y 

is continuous on M, 
(A2) (Monotonicity) 

2 v .{A(t,v 1 ;u) - A(t,v 2 ;u),vi -v 2 )v < C(*,u;)||i;i -v 2 \\ 2 H , 

(A3) (Coercivity) 

2 v .(A(t,viu),v) v <C(t,Gj)\\v\\%-c(t,u)\\v\\% + f(t,uj), 

(AA) (Growth) 

\\A(t,V,Lj)\\~? <C(t,Uj)\\v\\^+f(t,u), 

for all v, i>i, V2 G V, t G M and wgf!. 

Remark 2.1. T/ie usual assumptions from the variational approach to SPDE (cf. 
Avvendix Y^i are slightly more restrictive then (A1)-(A4). If we require in addition 
that A is Ft -progressively measurable, c,C are non-random, f is Tt-adapted and 
f G Lj oc (M.; L (Cl)) then '4-3, Theorem 4-2-4] implies the existence of a unique, J- t - 
adapted solution in the sense of Definition \A.l\ to (|2.ip . Note that for us it will be 
crucial to work with the non- completed filtration Tt- 

Throughout this paper we will work with the convention that C, C : R x Cl — > R, 
c, c:RxO— >R \ {0} are generic pathwise right-continuous functions and /, / are 
generic functions pathwise in Lj oc (M), each of which is allowed to change from line 
to line. 

2.1. Strictly stationary solutions. As outlined in the introduction, the con- 
struction of strictly stationary solutions is a key ingredient for the construction of 
stochastic flows for if- valued noise and for the analysis of their long-time behavior. 
In this section we will consider strictly monotone SPDE of the form 

(2.2) dX t = M(t, X t )dt + B t dW t , 

where M : R x V x Cl -> V* and Bj. R x Cl -> L 2 (U,H) satisfy (H1)-(HA) (cf. 
Appendix[A| with respect to (Cl, T, {Tt\t^s) and M is strongly monotone, i.e. there 
exists a c > such that 

(H2 1 ) (Strong Monotonicity) 

2 v ,(M(t,v 1 -uj) - M(t,v 2 -uj),v 1 - v 2 )v < -c|K - «a||£, 
for all V\, 1)2 G V,t G R,o; G CI, where a is as in (H3) (Appendix 



8 



B. GESS 



Let X(t,s;u>)x denote the unique solution to (|2.2[) starting at time s in x £ if, 
given by Theorem IA. 21 

Theorem 2.2. [Strictly stationary solutions] 

Let M, B as above. If a = 2 additionally assume that t t— > E/ t is exponentially 
integrable. Then 

i. There exists an J- t -adapted, J- '-measurable process u £ L 2 (fl; C(R; if)) PI 
L a (Q;Lf oc (]R; V)) suc/i iAtrf 

lim X(t, s; -)x = u t , 

s— f — oo 

in L 2 (n; if) /or a« f £ R, x £ if . 
ii. u solves (|2.2[) in £/ie following sense: 

(2.3) u t = u s + M(r,u r )dr + J B r dW r , V-a.s., Vi > s. 

m. If M , B are strictly stationary, then u can be chosen to be strictly stationary 
with continuous paths in if and satisfying u.(lu) £ Lf oc (M.; V), for all uj £ O. 

If moreover, t \— > E/ t is exponentially integrable, then t t— > \\ut(u))\\y is 
P-a.s. exponentially integrable: For each rj > 0, < £ M £/iere is a C(ry) > 
such that 

(2.4) E [ e r ' r \\u r \\ v dr <C{n) j e r ' r (l + E/ r )dr. 

For a related result for semilinear SPDE we refer to [8|. In order to analyze the 
random differential equations obtained by stationary transformations based on the 
stationary solutions constructed above, we will need some growth properties for 
them. 



Theorem 2.3. Let the assumptions of Theorem ] 2. 2\ be satisfied with M, B being 

k-2 + a 

strictly stationary, k £ N and t i— ¥ E/ t ° cadldg. If a = 2 additionally assume 
h 

t i V E/ t 2 to be exponentially integrable. Then 

i. There exists a 9-invariant set fig C f2 of full F '-measure such that for uj £ fio 

1 /"* 

(2.5) -/ \\u r (u>)\\ k H dr^E\\u \\ k H , i^ico. 

ii. ||ut(cj)||ij growths sublinearly, i.e. 

lim M* = . 

t^±oo |£| 

2.2. Generation of stochastic flows. We now return to the analysis of (|2.1[) 
with .4 satisfying (j41)— (j44). 

Definition 2.4. A continuous, H-valued, Ft- adapted process {S (t,s;uj)x\te[s, oo) 
is a solution to (|2.1j) if for a. a. uj £ f2: S*(-,s;cj).t £ f £, c ([s, oo); V) and 



S{t,s\w)x = x+ J A(r,S(r,s;u)x;oj)dr+ J ^S{r,s;-)xodj3 r (uj) + Wt{uj)~W s {uj), 

for all t > s, where a is as in (A3). 

In order to transform (|2.1[) into a random PDE using strictly stationary solutions 
we need to require 

(V) There is an operator M : V -> satisfying (ifl)-(if4), (if2') with the 
same coercivity exponent a as for A in (A3). 
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This is an assumption on the underlying Gelfand triple V C H C V* rather than on 
the actual SPDE. If V is a Hilbert space and a = 2 (as e.g. for SRDE with sublinear 
reaction term) then M can be chosen to be the Riesz map iy : V — > V* . For many 
degenerate SPDE like stochastic generalized porous media equations and stochastic 
generalized degenerated p-Laplacc equations such an operator M can also be easily 
found. For example, for the triple V = L a {0) C H = (H$(0))* C V* one can 
choose M(v) = A\v\ a ~ 2 v. 

The operator M is used to construct stationary solutions corresponding to dX t = 
M(X t )dt + dW t that take values in V while W takes values in H. If already W <E V 
then this regularizing property is not needed and we can just choose M = —Ida- 
Thus condition (V) can be dropped in this case. 

Let X(t, s; uj)x denote a variational solution to (j2.1[) starting in x at time s (which 
in case of Remark 12 . 1 1 exists and is unique). In order to associate a stochastic flow 
to (|2.1[) we transform the SPDE into a random PDE. First, we use a transformation 
to cancel the multiplicative noise, then the additive part will be dealt with. Let Zt 
be the strictly stationary solution to 

dz t = —Ztdt + d/3t, 

given by z t {uj) = f® oo e s (3 s (9 t uj)ds. Then fx t := e~' I2t satisfies 

d(H = HfHZtdt - Ufa ° dfif 

For X(t, s; uj)x := /j,t((jL>)X(t, s; u))x we obtain 

(X(t, s; uj)x, v) H = fJ>t(X{t, s; u)x, v) H 

= {fj, a x,v) H + / Mr v*{A(r,fi~ 1 X(r,s;ui)x),v) v dr 



+ (J Mr ° dW r ,v)n + M J (X(r,s;uj)x,v)HZ r dr, 

P-a.s. for all v £ V. The diffusion coefficients B t := fit satisfy ||-Bt||^o = tr(Q)|^ t | 2 =: 

ft- Since E/ t = tr(Q)Ee _2MZ * is constant, all conditions of Thcorcm l2.2l are satisfied 
for M, B (using assumption (V)). Let u t be the .F-measurable, ^-adapted, strictly 
stationary solution (given by Theorem 12. 2[) to 

du t = —M {utjdt + Mt dWt- 

Defining X(t, s; uj)x := X(t, s; uj)x — u t {<-o) we get 

(X(t,s;u})x,v) H = (n s x -u s ,v)h + / Mr v(A(r,n~ 1 (X(r,s;u)x + u r )),v) v dr 

J s 

+ n j ' ((X(r,s;uj)x + u r )z r ,v) H dr + J y* {M(u r ),v)vdr, 

P-a.s. for all v <S V. Taken together we have used the following stationary conjuga- 
tion mapping 

(2.6) T(t,w)y := (i t (w)y -u t (u) 

and the conjugated process Z(t, s;u)x := T(t,u)X(t, s;lu)T~ 1 (s,uj)x satisfies 
(2.7) 

Z(t,s;ui)x = x+ / fi r A(r, /i~ 1 (Z(r, s; uj)x + u r )) +n(Z(r, s; uj)x + u r )z r + M(u r )dr 



as an equation in V* . Let 

fj, r A (r, Hr 1 ^ + u r)) + /J,u r z r + M{u r ) , if u r G V 



/j, r A (r, n r v) , otherwise, 
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where for simplicity wc suppressed the w-dependency of \x r and u r . Recall that for 
all to £ O and almost all r £ 1, we have u r (ui) <G V. Hence from (|2.7[) we obtain 

(2.8) Z(t, s; cd)x — x + / (A u (r, Z(r, s; ui)x) + fiz r (u>)Z(r, s;u>)x) dr. 

J s 

In order to define the associated stochastic flow to (|2.1[) we will solve (|2.8p for each 
uj S fi and then set 

(2.9) S(t,s;uj)x := T(t, u))- x Z{t, s; uj)(T(s, ui)x). 

Due to the time-inhomogeneity of the drift A we cannot expect the stochastic flow 
to be a cocycle in general. However, if the drift is strictly stationary, i.e. 

A(t,v;u) = A(0,v;9 t u), V(t,v,oj) elxFx!! 

then the cocycle property will be obtained. 

Theorem 2.5. Assume {Al)-(AA), (V). Then 

i. Z(t,s;uj), S(t,s;uj) defined in (|2.8p . (|2.9[) are stationary conjugated contin- 
uous stochastic flows in H . 
ii. The maps t i— > Z(t, s;u>)x, S(t,s;uj)x are continuous, x i— > Z(t, s;uj)x, 
S(t,s;uj)x are continuous locally uniformly in s,t and s t— > Z(i, s;o;)x, 
S(t,s;uj)x are right- continuous. 
Hi. If A is (£>(R) (g)S(V) <S> T,B(V* )) -measurable then Z{t,s;oS) and S{t,s;uj) 
are measurable stochastic flows. 

If A is Tt-adapted (i.e. A(t,-;-) is (B(V) ® Ft, B(V*)) -measurable for all 
t £ then S(t,s;u;)x is a solution of (|2.1[) in the sense of Definition \2.]\ 
iv. If A(t,v]u>) is strictly stationary then Z(t,s;uj) and S(t,s;uj) are cocycles. 

2.3. Existence of a random attractor. In order to obtain compactness of the 
stochastic flows constructed above we assume 
(A5) The embedding V C H is compact. 

In the following let V be the system of all tempered sets and V b be the family 
of all deterministic bounded sets. We obtain 

Theorem 2.6 (Existence of a random attractor). Assume (Al)-(A5) and (V). 
Then 

i. S(t,s;uj) is a compact stochastic flow. 

Assume that c,C are independent of time t and t i— > f(t,u>) is exponentially inte- 
grable. For a = 2 additionally assume C < in (A3). Then 
ii. There is a random T> -attractor A for S(t, s; uj). 

Hi. If A is {B(R)®B(V)®T,B(V*))-measurable andc,C in (A3) are (J",B(R))- 

measurable, then A is measurable, 
iv. If A is strictly stationary, then there exists a measurable, strictly stationary 

random T> b -attractor for S(t, s; uj). 

The long-time behavior of solutions to (|2.1I) becomes especially simple under the 
following strong monotonicity condition 
(A2 r ) (Strong Monotonicity) There exist A : Q E + \ {0}, a > 2 such that 

2 v ,(A(t,v 1 ;u>) - A(t,v 2 ;u>),v 1 - v 2 ) v < -A(w)||«i - v 2 \\%, 

for all vi,v 2 G V,t £ R,oj £ fl. We will prove that in this case the random attractor 
consists of a single random point. A similar result has been obtained in [30] for 
additive noise taking values in V. We generalize this result by allowing i/-valued 
noise and additional real linear multiplicative noise. Let V 9 be the system of all 
families of subsets {D(t, w)} te R jWS n of H. 
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Theorem 2.7. Let A be {B{R)®B(y)®T ,B{V*))-measurable, T t - adapted, satisfy 
(Al)-(AA), (A2') and assume (V). Then there exists an T -measurable, continuous 
process rj : R x — > H such that P-a.s. 

lim S(t,s;u)x = r)(t,u), V (t,x) G R x H 

s— oo 

and A(t,w) ;= {r](t^uj)} defines a random T> 9 -attractor for S(t,s;uj). The speed of 
convergence is estimated by 

t ~ 2 

\\S(t,s;<j)x-ri(t,uj)\\ 2 H < f(| - l) A(w) J e (a-2)M0rM-/s*M) dr 

// A is strictly stationary then A can be chosen to be strictly stationary. 

2.4. Random attractors for strongly mixing RDS. As outlined in the intro- 
duction, due to the possibility to consider non-degenerate trace class noise in the 
construction of RDS in Theorem 12.51 we may apply probabilistic results proving er- 
godicity of the associated Markovian semigroupj in the applications. In this section 
we present a general result combining ergodicity and monotonicity of RDS to show 
that the minimal weak point /interval random attractor collapses to a single ran- 
dom point. This observation is of particular significance in the case of degenerate, 
perturbed p-Laplacc equations since in the deterministic case the attractor can be 
shown to be infinite dimensional (cf. Section [3.11 below) . 

In the following we assume that there is a cone H + C H, i.e. a closed, convex 
set such that XH + C H+ for all A > and H + n -H + = {0}. Then V+ := H+DV 
is a cone in V. This defines a partial order < on H and V via x < y iff y — x £ H + . 
For two elements x, y € H we define the interval [x, y] = {z £ H\ x < z < y}. We 
further assume that V+ is iJ-solid which means that each compact set K C V is 
contained in an interval [x, y] C H, that the cone H + is normal, i.e. there is a c > 
such that for all < x < y we have < c||j/||ij and the existence of a map 

+ : H — > H such that x+ > x, for all x € H . 

Definition 2.8. An RDS <p is said to be 

i. strongly mixing with ergodic measure /i if 

TV 

C(tp{t; -)x) > fj,, for t — > oo, 

in total variation norm, for all x g H . 
ii. order- preserving (or monotone), if ip(t;ui)x < <p(t]Lu)y for all x <y, t> 0, 

uj g n. 

For a detailed account on order-preserving RDS we refer to [15]. We will now 
work with a weaker concept of a random attractor, where the requirement of P-a.s. 
attraction is replaced by attraction in probability and only deterministic intervals 
are required to be attracted. Even this so-called weak interval random attractor 
will turn out to be of infinite fractal dimension for perturbed p-Laplacc equations 
without additive noise (cf. Section l3~Tl below) . 

Definition 2.9. Let ip be an RDS. A random closed set {A(u})}uj^q is said to be a 
weak interval random attractor if 

i. A{uj) is nonempty and compact P-a.s. 
ii. For every x < y, x,y G H 

(2.10) d(ip(t;-)[x,y],A(-)) A 0, fort^oo 

in probability. 

^Note that while there will be an associated Markovian semigroup defined by Ptf(x) := 
Ef(ip(t; -)x) in the applications considered in Section [3] this is not true in general. For more 
details we refer to 1171 . 




12 



B. GESS 



Hi. A is invariant under tp, i.e. ip(t,U))A{uS) = A(9 t Lu), P-a.s. 

A weak interval random attractor A is said to be minimal if for each weak interval 
random attractor A we have 

AC A, P- a.s. 

If we replace ([2J0]) by 

d(<p(t;-)x,A(-)) A- 0, fort^oo 

for all x G H, then A is called a weak point random attractor. Obviously, each 
weak interval random attractor is a weak point random attractor. 

Remark 2.10. Let tp be an order preserving, strongly mixing RDS. Then each 
weak point random attractor is a weak interval random attractor and thus these two 
classes of random attractors coincide. 

The following theorem allows to use mixing properties of the Markovian dynam- 
ics to deduce the collapse of the minimal weak interval random attractor into a 
single random point. 

Theorem 2.11. Let tp be an order preserving, strongly mixing RDS with er- 
godic measure fx concentrated on V. Then there exists a unique, minimal weak 
point/interval random attractor A(u>) = {v(uj)} given by a single random point 
v : 51 — > H with v € V , P-almost surely. 

The proof of Theorem 12.111 will rely on a modification of [THl Proposition 2] . 
In the literature, several results related to Theorem 12.111 are known. In case of 
strongly monotone SPDE the dissipativity approach to existence and uniqueness of 
invariant measures (cf. e.g. [I2J Theorem 4.3.9]) may be used to prove the existence 
of a random attractor consisting of a single random point (cf. Theorem 12 .7[) . A 
similar approach has been taken in [UJ to prove the existence of a stable stationary 
solution to the stochastic 2D-Navier-Stokes equation with additive noise and large 
viscosity. Since the dissipativity approach is based on strong monotonicity of the 
drift, the deterministic counterpart of the SPDE has a unique stable invariant 
solution and thus no regularization due to noise is observed. 

In [7] it is shown that the random attractor corresponding to the one-dimensional 
Chafee-Infante equation perturbed by non-degenerate additive noise 

dX t = (AX t +X t - Xf)dt + dW t , on O = [0, L], some L > 0, 
X t = 0, on dO, 

consists of a single random point. The proof relies on a known, rather strong 
bound on the random attractor A, namely its order-boundedness: There are random 
variables a, a in L 2 (0) such that 

a(cj) < A(cj) < a(uj), Vw G O. 

Such a property is not known for the SPDE considered in this paper. On the other 
hand, the method used in [7] only requires uniqueness of the invariant Markov 
measure, while we need to suppose that the RDS is strongly mixing. 

For strongly mixing, white noise RDS ip satisfying an asymptotic, compact ab- 
sorption property it is shown in |35| that there is a minimal random point attractor 
given by 

A(u>) = supp fj, U) P-a.s., 

where fj, u := lim^oo (p(t,6- t u)fj, exists P-a.s. in the weak*-topology due to [T7]. If 
tp is order preserving and n(V) = 1 then we obtain by Theorem 12 . 1 II that supp fj, u 
is single- valued, in other words = S v / U y 

For related results for SDE we refer to [J_ni[52] and the references therein. 
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3. Examples 

3.1. Stochastic Generalized p-Laplace Equation. In consistency with our gen- 
eral results, a will take the role of p. Let (M, g, v) be a d-dimensional weighted com- 
pact smooth Riemannian manifold with boundary equipped with Riemannian met- 
ric g, associated volume measure \i and dv(x) := a(x)djjb{x) with a being a smooth, 
positive function on M. Further, let a > 2 and V := W^ a (M, v) C H := L 2 (M, v), 
which is a compact embedding. We denote the inner product on T X M given by the 
Riemannian metric g by {-,-) x and the associated norm by | • 1^. Let Wt be an 
H = L 2 (M, i>)-valued Wiener process. We consider the degenerate p-Laplace equa- 
tion 

(3.11) dX t = (div„($(VX t )) + G(X t ) + g(t)) dt + dW t + fiX t ° dfo, 

where $ : M xTMxil -> TM is measurable, -,uj) : T X M -> T X M is continuous 
and 

($(*, u) - $(x, I u>),£- i) x > A(w)|£ - & 

m*,M,Z)*><u)\Z\2-f(u) 

\$(x,t,w)\f* <C(u)\t\Z + f(u), V.t G M, £,£eT x M, tuen, 

with / : — > M being measurable, c measurable, positive and C, A measurable, non- 
negative. In particular, this includes the standard nonlinearity $>(x, £) := |£|" _2 £- 
Further, let G : R x il — >• R be measurable, pathwise continuous with 

(G(u,u) - G(w,w))(« - w) < C(w)|u - w| 2 

< C(w)(l + |u|«), Vv,u e M, we fi, 

for some g <G (1, a) and g : R x f2 — > H be measurable, exponentially integrable in 
t. 

The p-Laplace operator then maps V x ft — > V* by 

A(v,oj)(w) = - (®(x,'Vv,u),'Vw) x dv(x), v,weV,uieft. 
Jm 

We obtain 

Example 3.1 (Generalized Stochastic p-Laplace Equation). There is an associated 
compact stochastic flow S(t,s;uj) to (|3.11j) with a measurable, random T>-attractor 
A. If g = i/ien S(t,s;uj) is a cocycle and there is a measurable, strictly stationary 
random D b -attractor A b . If \{uj) > and G = then A consists of a single random 
point. 

Remark 3.2. In comparison to our results, in [SO] the existence of a random 
attractor for 

dX t = (div(\VX t \ a - 2 VX t ) + G(X t )) dt + dW t 

with Neumann boundary conditions on convex, open, bounded domains O C R d and 
noise taking values in W 3,2 (0) has been proven. 

In \5 If the existence of a random attractor for similar equations of the form 

dX t = (-A (\AX t \ a - 2 AX t ) + iX^Xt) dt + W u 

with Dirichlet boundary conditions for X t and VI(, 2 < q < a has been obtained 
for Wiener noise 

Our results yield the existence of a random attractor for Wiener noise in L 2 ((D) 
and for more general nonlinearities ( with assumptions analogous to those in Exam- 
vie ^) . 
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In the following we will consider the standard p-Laplace equation perturbed by 
a linear reaction term and additive or real linear multiplicative noise with Dirichlet 
boundary conditions, i.e. 

(3.12) dX t = div (\VX t \ a ~ 2 VX t + rjXt) dt + fiX t o dfJ t + adW t , 

on a bounded, smooth domain O C M. d , with r\ > 0, /x > 0, a > and a > 2. Let 
y> be the RDS corresponding to l|3.12|) . given by (p(t;oj)x = S(t,0;oj)x. 

3.1.1. Infinite dimensional random attractors. In the case a = 0, i.e. if no additive 
noise is present, we will now prove that each weak interval random attractor is 
infinite dimensional. 

A precompact set A C H can be covered by a finite number of balls of radius 
e for each e > 0. Let N £ (A) be the minimal number of such balls. Then, the 
Kolmogorov e-entropy of A is defined by 

M £ (A) := ln(N e (A)). 

The fractal dimension of A is defined by 

, , ,. H £ {A) 
df(A) = km sup n . 

We obtain 

Theorem 3.3. Let A be a weak interval random attractor for (p. Then, the Kol- 
mogorov e-entropy of A is bounded below by 

M s (A(u})) > C(w)5"T«- 2 H«, F-a.s., 

where C(w) > is a constant which may depend on a,d. In particular, the fractal 
dimension df(A(oj)) is infinite ¥-almost surely. 

Proof. The proof is inspired by |26l Theorem 4.1]. In order to prove the lower bound 
on the Kolmogorov e-entropy we consider the unstable manifold of the equilibrium 
point defined by 

A4 + (0,lj) := {uq £ H | 3 order bounded function u : (— oo, 0] — > H, such that 

ip(t;0-tuj)u(—t) = uo for alii > and ||u(f)||fj — > for t — > — oo}. 

Since A{ui) attracts all deterministic, order bounded sets we have 

M + {0,uj) C A{uj), P-a.s. 

Therefore, it is sufficient to derive a lower bound on the Kolmogorov e-entropy for 
the unstable manifold of 0. The construction of appropriate elements in VW + (0, u>) 
will be based on a suitable time scaling of Barenblatt solutions with sufficiently 
small initial supports. 

First, we transform (|3.12[) into a random PDE. Let 

Z(t,s;u)x :=e-^ t( " ) -" t S'(t,s;a;) (e^'^+^x) , 

where S(t, s; u>) is the stochastic flow associated to (|3.12j) as constructed in Theorem 
[231 Then Z solves 

(3 13) Jt 2{t ' 31 W)X = e (a - 2)(Mft( " )+7?t) div (|VZ(t, s; oj)x\ a ~ 2 V Z{t, s; u)x) , 
Z(s, s; lu)x = x, 

for a.e. t > s. In order to construct an element uq £ M + (0,uj) we need to find an 
order bounded function u : (-co, 0] — > H converging to such that 



u 



(p(t; d_ t uj)u{-t) = 5(0, -t; cj)u(-t) = Z(0, -U u) (e-^-^ +71t u{-t)^ 
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for all t > 0. Since e^ - *^-' - ' 7 * — > for t — > oo it is enough to find an order bounded 
(thus bounded) function v : (—00, 0] — > H such that uq = Z(0, — t; ui)v(-t). 

In the following we restrict onto a subset of full P-measure on which the law of 
iterated logarithm holds, i.e. lu £ ft for which 

lim M = V5- 

t->±00 yjt log lOg £ 

In order to find such an order bounded function v, we use a time scaling to transform 
(13.131) into the standard p-Laplace equation on a finite time interval. Let 

,0 

f(t,u) : = e (° | - 2 )(MA(«)-Hjt) j p(t,u):=- f(r,Lo)dr£C 1 (R^) 



and so(w) := — limt^-oo F{t,ui). Since f is strictly increasing we may define 

ff (t,w) -F" 1 ^), te(« (w),0]. 

For ease of notation we will suppress the w-dependency of the time scaling g in the 
following. We note g £ C 1 (s , 0) with g'(t) = jr^m > 0, 5(0) = and g(t) -> -00 
for t — > so- Let U(t,s;uj)x := Z(g(t), g(s); oS)x. Then 

s; w)a: = <?' (f)/fo(t))div (\VU(t, s; w)x| Q - 2 VC/(*, s; 

= div (|VZ7(i, s; w)x| Q ~ 2 VC/(t, s; , 

for a.e. t > s, t,s £ (sq,0]. It is well known that for each x £ L°°(0) there is a 
unique solution S(f)x to p,14|) with ^(so)^ = a; and sup ie r So i ||S(i)x||oo < 00. In 
particular, S(t)x is order bounded in i/. Uniqueness of (|3.14D then implies 

S(t)x = S(t — s)S(s)x = U (t, s; ui)S(s)x, Vs £ (so, t]. 

Hence, v(t) := S(F(t))x : (—00, 0] — > H is order bounded in H, 

Z(0,-t;u))v(-t) = U(0,F(-t);u)S(F(-t))x 
= S(0)x = v(0) 

and consequently v(0) £ M + (0,uj). 

In order to use this construction of elements v(0) £ Ai + (0, uj) to derive a lower 
bound on the Kolmogorov e-entropy of 7W + (0,w) we consider special solutions to 
(|3.14j) so that the final values v(0) = S(0)x are sufficiently far apart (w.r.t. the 
if-norm). Recall that the Barenblatt solutions, given by 

a — l 

U(t,£) := r k (C(M) - q\^t^Y + 2 , 
with k = a _2 + « , q = ^ (l)^ 1 solve with 

supp U(t, -)CB ^ ' C(M) 

a(o-2)fc 

Here C(M) = C(a,d)M is a constant scaling with the total mass M = 

\\U(t)\\Li(oy For e > small enough we can find a finite set R E = {£,} C O such 
that 

B(e,6)nB(e,&O = 0. fori^j 

|J? e | > C£- d 

%WcO, Vi. 
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/ _ \ fc(a — 2) 

Choosing M small enough (i.e. M = C(a, d) [es d ) ) we can thus construct 
solutions to p.l4j) based on the Barenblatt solutions by 

I He | 
i=l 

for each m £ {0,1}'^'. By the choice of C{M), U m satisfies Dirichlet boundary 
conditions. For mi ^ m-i we observe 

d 

11^(0, •) - CP»»(0, > M = C(a,d) (eso ~ d ) ^ ■ 

Hence, 

H S (A((J)) > Ms{M + {Q,uj)) > log 2 2' jR *l > C(w)(5-( Q - 2 ) fe ,P-a.s. 

and 

d/(.A(w)) > ^(^ + (0,^)) = limsup 11 ^^ /P'"^ = oo,P-o.a. 

□ 

3.1.2. Regularization by additive noise. We now consider (|3.12[) with purely additive 
noise (fj, = 0), i.e. 

dXj = div (|VX t | Q ~ 2 VX t + T)X t ) dt + adWf 

By Theorem 13.31 we know that for a = the weak (random) interval attractor 
is infinite dimensional. We will now use Theorem 12.111 to prove that the random 
attractor is zero dimensional if the additive noise is non-degenerate. Let £ L(H) 
be injective and define 

Q^y = u 
otherwise. 

We obtain 

Corollary 3.4. Assume d < 2 and 

\\u\\^>c\\u\\° Au\\ a H °, Vu£V, 

for some a > 2, a > a — 2. Then there is a unique minimal weak interval attractor 
A consisting of a single random point, i. e. 

A{oj) = {v(u)}, 

for some strictly stationary v : — > H with v £ V, F-almost surely. 

Proof. Let H + C H be the cone of all x £ H such that x(£) > for almost all 
£ £ O. Then H + is normal and we can define the positive part of x £ H by 
x+(£) := max(x(0,0). Note that V = Wl' a {Q) ^ C {O) since d < 2 and a > 2. 
Therefore, bounded sets in V are uniformly bounded and thus are contained in 
some interval in H . Consequently, V+ is if-solid. 

By [38l Theorem 1.4] the associated Markovian semigroup Ptf(x) := Mf(ip(t; -)x) 
is strongly mixing with respect to some invariant measure /x, i.e. 

C(<p(t; -)x) = P t *S x ^> 

with fj,(V) = 1. 

The proof that tp is order-preserving proceeds similar to |27) . More precisely, we 
consider a non-degenerate approximation $ e (£) = £|£| Q ~ 2 + e£ of $(£) = £ |£| Q_2 
and a smooth approximation of the strictly stationary solution u t given by m™ := 
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V n ut, where V n are the nonlinear Galerkin approximants as in |29j . Let Z n,e x 
denote the corresponding approximating solution with initial condition x £ C 2 {0): 

dZ n ' e x = div (<5> e (Z n ' e x + u n )) dt. 

Unique existence of Z n - e x follows from standard results and comparison results for 
second order parabolic quasilinear equations (cf. e.g. [55]) yield 

Z n,e x < Z n,e y ^ 

for all x,y £ C 2 (0) with x(£) < y(£), for all O. Since the cone H + is closed 
and by the choice of approximation we conclude that ip is order-preserving. 

The claim now follows from Theorem 12. Ill □ 

3.2. Stochastic Reaction Diffusion Equations. Let (E,B,m) be a finite mea- 
sure space with countably generated cr-algcbra B and let (L,T>(L)) be a strictly 
negative-definite (i.e. (Lv, u)i,2( m ) < — c IMIz,2( m )7 ^ v G some c > 0), self- 

adjoint operator on H := L 2 (m). We set m(fg) := J E fg dm, for fg £ L < (m), 
if, 9) ■= {f,9)L*( m ) and 11/11 : = ||/||z,2( m ). The corresponding Dirichlet space V = 
T>(£) is a Hilbert space with inner product (v, w)y :— £(v, w) := m(\/—Lvy/—Lw), 
v,w £ V. We consider the triple 

V := V(S) C H := L 2 (m) C V*. 

and assume that V C H is compact. 

Let G:IRxIRxf2— >IRbc measurable, G(t, ; uj) continuous for all (t,w) GlxJ] 
and 

(G(t, u, u) - G(t, v, u)) (u-v)< A(w)|u - «| 2 

\G(t,u,u)\ 2 <C{u:)\u\ 2 + f{t,u), 

with coefficient */ C(w) < c and f(-,ui) being exponentially integrable. With 
M(v) := Lv we obtain 

Example 3.5. The stochastic flow associated to the stochastic reaction- diffusion 
equation 

(3.16) dX t = (LX t + G(t, X t ))dt + dW t + fiX t o dp u 

where W is an H = L 2 (m) -valued Wiener process, has a measurable random T> 2 - 
attractor A. IfG is strictly stationary, then there is a measurable, strictly stationary 
random T> b -attractor A b . If X(uj) < 0, then A consists of a single random point. 

Remark 3.6. In Example \ 3.5\ we had to restrict to reaction terms G of at most 
linear growth due to the restrictions of the variational approach to (S)PDE (cf. 
Avvendix Yfi\) . However, the main ideas also apply to SRDE with high-order reaction 
terms, i.e. let O Cl d be an open, bounded domain and consider 

(3.17) dX t = (AX t - \X t \P~ 2 X t + gX t )dt + dW t + ftX t o dfa, (p > 2). 

In the construction of strictly stationary solutions the variational methods have to 
be replaced by a mild approach to SPDE (cf. e.g. 1251) where we choose 

M(v) := Aw - \v\ p ~ 2 v 

corresponding to the triple 

V := Wq' 2 (Q) n L p (0) C H := L 2 (0) C V*. 

Using the strong monotonicity of the operator M , strictly stationary solutions can 
be constructed similar to Theorem \2. 2\ The technique proving compactness of the 
stochastic flow by compactness of V C H remains the same, which proves the 
existence of a random attractor for SRDE of the form p,17[) where W is a Wiener 
process taking values in L 2 (0). In comparison, in \2l\ Section 5] the existence 
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of a random attractor for stochastic reaction- diffusion equations perturbed by finite 
dimensional Wiener noise is obtained under the assumption that the noise takes 
values in H 2 (0) n Hq(0). 

3.3. Stochastic Porous Media Equation. Let (E,B,m) be as above and let 
(L,T>(L)) be a negative-definite, self-adjoint operator on L 2 (m) with Ker(X) = {0}. 
Define V{£) := T>(y/—L), £(u, v) := {\f—Lu, y/—Lv), for !i,u6 T> {£) and T e to be 
the abstract completion of V(£ ) with respect to j| • || p :=£(■,■). 

Let $:lxMx!l->lbc measurable with $(i,0,w) = 0, $(t,-,u) € C(M) and 

($(t,r,w)-$(t,s,w))(r-s) > A(w)|r-s| Q 

$(t,r,u)r > c(u)\r\ a - f(t,u) 
|*(t,r,w)|=^ <C(uj)\r\ a +f(t,iu), Vs, r, f el,we!l, 

for some a > 2, c positive, A, C non-negative and f(-,to) exponentially intcgrable. 
In particular, the standard nonlinearity $(r) := |r| Q ~ 2 r is included in our general 
framework. We assume 

(L) The embedding T e C L~ (m) is compact and dense. 

This yields the compact Gelfand triple 

V := L a (m) CH := F* e C V"*. 

We now present some more concrete examples for which (L) is satisfied. 

Example 3.7. Let 

i. E be a smooth, compact Riemannian d-dimensional manifold with boundary 
and L be the Friedrichs extension of a symmetric, uniformly elliptic operator 
of second order on L 2 (m) with Dirichlet boundary conditions. For example, 
let L be the Dirichlet Laplacian on E. 

it. E CR d be an open, bounded domain, L := (—A)' 3 with its standard domain 

ond^e f(2=2,i) n (0,1]. 

Then (L) is satisfied. 

Choosing M(v) := L (\v\ a - 2 v) : V -> V* we obtain 

Example 3.8 (Stochastic Porous Media Equation). The stochastic flow associated 
to the stochastic porous media equation 

(3.18) dX t = (L<f>(t, X t ) + r)X t ) dt + dW t + fiX t ° d/3 t , 

with rj S M and W being an H = J- * -valued Wiener process, has a measurable 
random T>-attractor A. If $ is strictly stationary, then S(t,s;u>) is a cocycle and 
there is a measurable, strictly stationary random T> b -attractor A b . If X(u>) > > r), 
then the random attractor consists of a single random point. 

Remark 3.9. In J6}j the existence of random attractors for 

dX t = A$(X t )dt + dW t 

has been proven for additive Wiener noise in W ' a (O) on open, bounded domains 
O C W l . Here, we only require Wq ' (0) regularity of the noise. 

Remark 3.10. Similar arguments as for the stochastic p-Laplace equation show 
that every weak interval attractor has infinite fractal dimension in the deterministic 
case with r\ > (cf. J261j ). On the other hand, in the case of sufficiently non- 
degenerate additive noise the weak interval random attractor collapses to a single 
random point, which can be shown as in Corollary \3.4\ 
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4. Proofs 

4.1. Comparison Lemma and a priori bounds. In [27J comparison Lemmata 
and a priori bounds for singular ODE have been shown. We will now prove similar 
results for super linear/degenerate ODE. 

Lemma 4.1 (Comparison Lemma). Let /3 > 1, s < t, q > 0, h £ L 1 ([s,t]) 
nonnegative and v : [s, t] K + be an absolutely continuous subsolution of 

, , y'(r) = -h(r)y(rf, r£ [s,t] 

{ 4.iy) 

y{s) = q, 

i.e. v'(r) < —h(r)v(r)P for a.e. r £ [s,t] and v(s) < q. Then 

v{r) < fq-ffi- 1 ) + (0 - 1) J /i(r)drV \ Vre[s,f]- 

Proof. The proof proceeds as in |27| , using that the unique nonnegative solution y £ 
to (|4.19[) with initial value q + e is given by 

V s := ((<z + e)-W-V + 08-1) jT fc(r)dr) ^ < g + e. 

□ 

Lemma 4.2 (A priori bound). Let /3 > 1, p : R M + eddlag, h £ C(1R) positive, 
q : M — > R + and for each s £ IR Zei ?;(•, s) : [s, oo) — >• R + 6e an absolutely continuous 
subsolution of 

(4.20) y'(r,s) = -h(r)y(r,s)P +p(r), r>s 

with y(s, s) = q(s). Assume h(r)dT — > oo ; /or all t £WL and s — > — oo. Then, for 
each t 6 K </iere is an so = so(t,p, h) £ K and an R = R(t,p, h) > shc/i £/iai /or 
aZ/ s < so 

u(i, s) < i?. 

Proof. We proceed similarly to [27] . Without loss of generality we assume p(r) > 
S > for some 5 > (otherwise redefine p(r) := p{r) V <5). 

Let t £ R, A(s) := {r G [s,i] | ^u(r, s)? < p(r)} and a(s) = supA(s) V s. We 
first show that there exists an sq = so(t,p, h) < t such that A(s) ^ for all s < sq. 
Let s <t such that A(s) = 0, i.e. ^§^-u(r, s)^ > p(r), for all r £ [s, f]. Hence, 

w'(r, s) < —h(r)v(r,s)P + p(r) < ——h(r)v(r, s)@ , for a.e. r £ [s,t]. 
By Lemma |4. H and using the assumption f h(r)dr — > oo we obtain 

(4.21) v{t,s) <(^—^- J^h( T )dT^ ->-0, fors^-oo. 

Since also < < «(t, s )i wc conclude s > so for some so = so(t,p, h). 

Next we prove that there exists an ai = a±(t,p, h) < t such that ai < a(s) for 
all s < so- Let s < so, thus A(s) ^ 0. If a(s) = i then nothing has to be shown, 
thus suppose a(s) < t. By definition of a(s) and right-continuity of v,p wc have 

Mr) 

p(r) < -^v(r,s) /3 , for all r £ [a(s),i\. 
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Arguing as above we obtain 



h(r)dr) " 



P - 1 



a(s) 



for a(s) — > — oo. Since < ( 2 h(t) ) & < u (^j s ) this implies a(s) > <xi = ai(t,p,h) 
for all s < so- 

On [a(s),i] we have ^^-v(r, s)@ > p(r) and thus 

s) < v(a(s), s) — / }i(t)v(t, s)^ dr + / p(r)dT 

J a(s) J a(s) 

< u(o(s),s) — / p(r)dr 

Ja(s) 

< sup [ V =: R(t,p,h), Vs < s - 



rg ai-l,t 



ft(r) 



□ 



4.2. Strictly stationary solutions (Theorem 12.21 &: Theorem 12. 3|) . In this 
Section we will construct strictly stationary solutions to the SPDE 

dX t = M(t,X t )dt + B t dW t , 

by letting s — > — oo in X{t 1 s; lo)x and then selecting a strictly stationary version 7/ 
from the resulting stationary limit process by use of Proposition 11.121 
We will need the following elementary Lemma. 

Lemma 4.3. Let s € M, t > s and h > 0. Then there is a F-zero set N S) h G J 7 
such that 

r t+h ft 

B r dW r (oj)= B r dW r (6 h uj), WuieCl\N S)h . 

l J s 

Proof. By the construction of the stochastic integral, for any sequence of partitions 
A n (s,t) of [s,t] with |A ra (s,t)| — s- there is a subsequence of partitions A ,lk (s,t) 
and a P-zero set N s € T such that 

f B r dW r (u) = lim V BfcMCWt^AtM-WfcAtM), 

/„ fc— s-oo » — » 

t 4 ,ti + ieA n *(«,t);t < <t i+ i 

for all w G O \ 2V a . We can choose a P-zero set N s E T such that JV S CJV S . Hence, 
forweO\ (iV 8+h U ^ 1 iV s ) =: AT Sj7l 

B r dW r {uj) 

s+h 

hm V Bt<H(Wi i+1 A(t+h)M - W tiA (i + fc)(o;)) 

ro— >oo * — » 

ti,t i+ iGA™(s+/i,t+/i);t i <t i+ i 

lim V Bji-/i(M(% + i-MAi(M - %-MAt(^w)) 

n— >-oo * — ' 

ii,*i + iGA^(s+^,i+/i);ii<* i+ i 



B r dW P (fl h w), 

where we have selected a subsequence of partitions if necessary. □ 
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Proof of Theorem ] 2. 2\ Let x G H and X(t, s;u>)x denote the unique J^-adapted 
variational solution associated to 

(4.22) dX t = M(t, X t )dt + B t dW t 

given by Theorem IA. 21 

(i): There is an ^-adapted, ^-measurable process u : R x £1 — > H such that 

lim X(t, s; -)x = u t , 

S — ¥ — QC 

in L 2 (ri; H) for each i £ 1, independent of x G H . 
Let s 2 > Si and x,y *E H. Then 

^\\ x (t, «25 w)a; - si;w)j/||# 

= 2 v (M (t, X(t, s 2 ; u)x) - M (t, X(t, si; w)y), X(i, s 2 ; w)z - X(t, «i; w)y)y 

< -c(||JSs:(t,S2;w)a ; -X(t,s 1 ;a;)y||| r ) f , 

for a.e. t > s 2 and P-a.a. w € fi. We apply Lemma \A. II (Gronwall's inequality for 

a = 2) to conclude 

(4.23) 

'(03-l)c(i- S2 ))-^ , if j9 > 1 

\\x - X( S2lSl -u:)y\\ 2 H e-^- s ^ , if /3 = 1, 

where /3 := for all t > Since the right hand side is decreasing in t this yields 



\\X(t,S2;u))x-X(t,s 1 ;cj)y\\j J < 



E sup ||X(r, S2 ;.)^(r, Sl ;-)y|| 2 H < ') " , t _ S2 1 

for all t>S2- 

If a = 2 there is a <5(£) = C(ft + 1) such that 

2 v .(Jlf(t, + 115*111,^ < ~\\v\\% + 6{t), 
for each i> G V (cf. [321 Lemma 4.3.8]). Hence, 

j f n\X(t, s; 02/111 = E (2 v (M (t, X(t, s; «; 0j/)v + U^ll!^)) 

< -|E||X(i, s; 02/lllf + E5(t), for a.e. f > s. 
Thus, by Gronwall's inequality and exponential integrability of E/t 

E||X( S2)Sl ;.)y||l f <e-f( S2 - sl )||y|| 2 ff + [" e-M«^E6(r)dr 



Sl 



<e"i s = (e*'*\\y\\ 2 H + C) 

for alH > s. We obtain 

E sup \\X(r,s 2 ;-)x - X(r,sr,-)y\\% 

r£ [t.oo) 



e5 r E<5(r)dr 



< 



((/3-l)c(t- S2 ))^— , if /? > 1 

2 (e^ Sl ||y||^ + ef S2 ||x||2 f + C) e* S2 e - c * , if = 1, 

for all t A > s 2 . Hence, X(-,s; -)x is a Cauchy sequence in L 2 (£l; C([t, 00); H)) 
and 

Ut = lim X(t, s; -)x 
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exists as a limit in L 2 (tt;H) for all t £ M and u is .Ft-adapted. Since X(-,s; -)x 
also converges in L 2 (Q; C([t, oo); H)) u is continuous P-almost surely and since u is 
^-measurable we can choose an indistinguishable ^-measurable version of u. 

(ii): u solves (|2.3[) . 

Let to > sq > s. Then 

X(t, s;uj)x = X(s ,s;oj)x + f M(r, X(r, s;u)x)dr + f B r dW r {uj), 

for all t £ [so,to] and P-a.a. uj £ fl. Using condition (H3) we obtain 
Ee- Ct °\\X(t ,s;-)xf H 

= Ee- Cso ||X(s , a; -)xf H -C [° Ee- Cr \\X(r, s; -)x\\ 2 H dr 



+ E f° e~ Cr ( v ,(M(r,X(r,s;-)x),X(r,s;-)x) v + ||B r ||i a(t , iir) ) 



dr 

' Sq 

< Ee- Cso \\X( S(h s; -)x\\ 2 H -cE f ° e- Cr \\X(r, s; -)x\\*dr + E f ° e - Cr f r dr. 

J So J So 

Hence, 

cE / ° ||X(r, s; v dr < Ee- c(s °-* o) ||X(s , s; -)x\\ 2 H + E / ° e- c{r - to) f r dr 

J s J So 

and the right hand side converges to Ee - * 7 ^ 0- * ^^,,!!^ + E J" e~ c ( r ~ to ^ f r dr for 
s — > — oo. Thus s; -)x is bounded in L a ([so, to] x fi; 1/). Since lim X(-,s;-)x = 

s— > — oo 

u. in L 2 (Q;C([so,io];#)), it follows 

in L a {[s a ,t ] x fi;V). 

In particular, u £ L Q (f2; L£, C (R; U)). Let s„ — > — oo. We observe (at least for a 
subsequence) 

M(;X(-,s n ;-)x)^Y, inL Q ([ So ,io] X tyF)*. 
Since X(-,s;-) and M are ^-progressively measurable, so is Y. Let v £ V and 
p S L°°([s ,io] x fi). Then 

E/ v *(u t ,v) v ip t dt = lim E / y. (X(t, s„; -)x, v)v<ftdt 



Jirn^E / ( y » (X(.s , s„; > + / M(r, X(r, s n ; -)x)dr + / S T dW T ,v)v ) ¥>t<ft 









/ y*(^ So 4 


f Y T + 


/ B T dW T ,v)v l fitdt 


I s 


J s 


J s a 



Hence 



[ Y T dr+ [ B T dW T , Vt £ [so, to], P-a.s. 



u t = u So + 
By Ito's formula 

(4.24) E|K|& = E\\u Sa \\ 2 H +E f° v*(Y T ,u T )v + \\B T \\i 2{UtH) dT. 

J s 

Let $ £ L a ([so,to] x 17; V). We use the monotonicity trick 

v (M (t, X(t, s; w)a?), X(r, s; w)s) v < v* (M(t, X(t, s; uj)x),$ t ) v 

+ v ,(M(t,$ t ),X(t,s;u)x-® t ) v 
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to obtain 

2 ^- irpu v / „ „. 2 



E\\X(t , S] -)x\\ 2 H <E\\X{s ,s;-)x\\j I + E / v ,(M(t,X{t,s;-)x),$ t ) v 

J s 

+ v . (M(r, $ T ),X(r, s; > - $ T )y + ||S r i|| 2(c/ff) dr. 

Taking s — > — oo yields 
ElKHlr <E\\u So f H 

[■to 

+ E V ,{Y T ,<5> T ) V + v .(M(T,$ T ),u T -$ T )v + \\B T \\ 2 L2(UiH) dT. 

J s 

Substracting (|4.24|l leads to 

[to 

0<E/ y.(M(r,$ T ) -F T ,u T -$ T )yd"r. 
J s 

By choosing $ = u — E(j)v with v £ V and <G L°°([so,io] x dividing by e > 
and taking e — > we obtain 

/■to 

= E / y* (M(t, u t ) - Y T ,0v) v dT. 

J s 

Hence M(r, u T ) = F r , dt <£) P-almost surely and thus P-a.s. 

ut = u So + / M(t,u t )(1t + / B T dW T , for all t > sq. 

J so Js 

(iii): Let now M, B be strictly stationary. We prove crude stationarity for u. 
We first show X(t, s;lu)x — X(0, s — t;9 t uj)x for all t > s, P-almost surely. Let 
h > 0,t > s and X h (t)(u>) := X(t -h,s- h;6 h u)x. Then for P-a.a. uj e Q (with 
zero set possibly depending on s, h, x) 

X h (t){uj) =X(t- h, s - h- 9 h u)x 

rt-h I rt-h \ 

= x+ M (r, X(r,s- h; 9 h uj)x; 6 h uj)dr + / B r dW r {O h uj) 



—h \J s—h J 

M(r + h,X(r,s-h;6 h uj)x;u))dr+ B r dW^j {lo) 

= x + J s M(r,X h {r){uj)-uj)dr+ (J B r dW^j (w). 

Hence X(t — h, s — h; OhUj)x = X(t, s; uS)x, P-almost surely. In particular 
(4.25) X{Q,s-t;6 t u)x = X(t,s\u)x, 

P-almost surely (with zero set possibly depending on t,s,x). For an arbitrary 
sequence s„ — > — oo there exists a subsequence (again denoted by s n ) such that 
X(t, s n ] -)x — > u t and X(0, s n — t; -)x — > uq P-almost surely. Thus passing to the 
limit in (|4.25[) yields 

u a (6 t uj) = u t (u), 
P-almost surely (with zero set possibly depending on t). 

Since u. G L a {Vl; Lf oc (R; V)), in particular u.(w) € Lf oc (R;V) for almost all 
lu £ O and since u is ^-measurable, we now use Proposition 11.121 to deduce the 
existence of an indistinguishable, ^-measurable, ^-adapted, strictly stationary, 
continuous process u such that u.(u>) £ Lf oc (R; V) for all wed. 

We can now proceed to prove (|2.4[) . Let r\ < 1 and note that by (H 2') 

v 4M(t,v),v) v +\\B t \\ 2 L2{UtH) <~\\v\\^ + C(l + f t ), VveV. 
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By Ito's formula and the product rule we obtain 
E\\X(t, a; -Mh^ < n\X(s , a; -)xf H e^ - ^E f e* r \\X{r, a; -)x\\^dr 

1 J so 

t 



+ E e r,r C{l + f r )dr + V E / e nr \\X(r, s; ^xWjjdr 
< E\\X(a , a; -)x\\ 2 H e r ' s ° - (| - V c) E j' e^\\X(r, a; -)x\\^dr 
+ E f e vr C(l + f r )dr, Vs < s < t. 

J s 

Letting s — > — oo we conclude 

MMh^ + - ilC)^ I e'H|u r ||£dr<E||u So ||? f e' ,flo +E [ e r,r C{l + f r )dr. 

V2 ' J so J So 

Stationarity of u implies 

(^-vC)eJ 1 e^lKH^dr <E j e^ r C(l + f r )dr. 

□ 

Proof of Theorem \2.Si (i): Since ||u r (oj)||^ = |jwo(6' I .a;)|j^ and 9 is an ergodic dy- 
namical system on (f2, T,¥), (|2.5[) follows from Birkhoff's ergodic theorem as soon 
as we have shown ||uo||# G L l (Sl). By (H2') there are C, c > such that 

2 v ,(M(t,v),v) v + \\B t \\l 2{u>H) <-c\\v\\<} I + C + f t . 
Application of Ito's formula to || • ||^ yields (cf. [351 Lemma 2.2]) 

-E||X(t, s; .)0|||r < -— (E||X(t, S ; -)0||ir) 5 + C(fc)E(l + /t)^, 
for a.e. t> a. If a > 2 then by Lemma B~2l 

E||X(0,s;-)0||# < C < oo, 
for s small enough and for some constant C > 0. For a = 2, by Gronwall's inequality 

r° 

E||X(0,s;-)0||^ < C(fc)E / e r T(c + / r )idr < C < oo. 

Fatou's Lemma yields 

E\\u \\h < liminf E||X(0, s„; )0||^ < C < oo 



and thereby (|2~6|) . 

(ii): By similar calculations as for (|2.5I) and by using Burkholder's inequality we 
obtain 









<c(] 


E / / r ° dr I < oo 









E sup Hutllif 
te[o,i] 

i.e. sup tg [ ||«o(0r)lli? G By the dichotomy of linear growth (cf. [1] Propo- 

sition 4.1.3.]) this implies 

Umsup IM^)||k =0; 

t->±oo \t\ 

on a ^-invariant set of full P-measure. □ 
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4.3. Generation of stochastic flows (Theorem 12. 5p . 

Proof of Theorem \2.5\ (i): We consider (|2.8p as an w-wise random PDE. This 
viewpoint will be used to define the associated stochastic flow. In order to ap- 
ply variational methods, we first use another transformation to cancel the lin- 
ear term fxz r Z(r, s;uj)x appearing in (|2.8[) . Let k(s, t;u>) := e _A1 ^ 2 r (w)dr Then 
Z(t, s; uS)x :— k(s, i; ui)Z(t, s; lo)x satisfies 

Z(t, s; ui)x = x + / k(s,r;oj)A OJ (r,k(s,r;ui)~ 1 Z(r,s;uj)x)dr, Vt > s, 



if and only if Z(t, s;oj)x satisfies (|2.8p . In order to obtain the existence of a unique 
solution to (|2.8[) for each fixed (w, s) G O x R, we thus need to verify the assump- 
tions (Hl)-(HA) (cf. Appendix E| for (t,v) H> k(s, t; u)A u (t, k(s, t; These 
properties follow immediately from the respective properties for A u (t,v). We will 
check (ifl)-(if4) for A u (t, v) on each bounded interval [S,T] C K and for each 
fix ui G fl. For ease of notation we suppress the w-dependency of the coefficients 
occurring in the following calculations. (HI) is immediate from (Al) for A. 
(if 2): For v 1 , v 2 G V, w G and £ G [5, T] such that u t (w) G V: 

2y.(A;(*,Ul) - A aj (t,v 2 ),v 1 - v 2 )v 

= M?2 y .(A (t,/^ 1 ^ +«t)) ^ ^ {t^t 1 ^ + u t)) - /"t" 1 ^ +M f ))v 

^CWHwi-valli. 

For f £ M such that UtiuS) £ V the same calculation holds. This yields (if2) on 
[S,T] for AuitiV) by local boundedness of C(t). 

(if 3): For v G V, u G ft and t G R such that u t (w) G V: 

2 V . (A. V = 2f*tV*(A {t,nt l (v + u t )) ,lh X {v + u t )) v 

-2n tv *(A (t,^ 1 ^ + u t )) ,u t )v 

+ 2/j,z t v* (u t ,v) v + 2y» (M(u t ),v)v 

(4.26) < C(t)\\v + u t \\ 2 H - c(t)tf- a \\v + u t \\% + fi 2 J(t) 

+ 2^ t \\A(t,Ht 1 (v + u t )) HHMIv 

+ 2[iztv*{ut,v) v + 2 v »(M(u t ),v) v . 

Using Young's inequality for all e%, e 2 , £3 > and some C £l , C £2 , C £3 we obtain 

2fi t \\A(t, f i^ 1 (v + u t )) \\v*\\ut\\v 

< e^ 2 \\A (t,fr\v + u t )) wfT 1 + C ei tf- a \\u t \\^ 

< £l C(t)tf- a \\v + Mv + eirfftt) + C £1 i4- a \\u t \\1 

and 

2 v ,(M(u t ),v) v < C £2 2fip \\M(u t )\\^ +2e 2l i 2 - a \\v\\% 

< C £2 2/ip (c M \\u t \\l + / M ) + 2e 2 rf- a \\v\\^, 

as well as 

2fiz tv ,(u t ,v) v < C £3 n 2 z 2 \\u t \\ 2 H +e 3 \\v\\ 2 H . 
Using this in (|4.26[) yields 

2 V , (A^t, v), v) v < C(t)\\v +u t f H - (c(t) - ei C(i)) M ?- a ||u + u t \\% + (i 2 J(t) 
+ £ll i 2 f(t) + C £l tf- a \\u t \\^ + C £ y Z 2 \\u t \\ 2 H + e 3 \\v\\ 2 H 

+ C £2 2^ {C M \\u t \\% + f u ) + 2e 2f i 2 ' a \\v\\^. 
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Using 

\\v + u t (uj)\\Z>2 1 - a \\v\\Z-\\u t (Lu)\\Z 
we obtain (for e± small enough): 

2 v ,(A u (t,v),v) v < (2C(t) +e 3 )\\v\\ 2 H - (2 x ~ a c{t) - e 1 2 1 - Q C(i) - 2e 2 )^- a \\v\\^ 

+ tfm + e lfJ ?j(t) + tf- a (c ei + c (t) - Sl c{t)) iku£ 

+ C ea 2/ip {c m \\ih\\v + /m) + (2C(t) + C ea n 2 4) WMh- 
Now choosing £1, £2 small enough yields 

(4.27) v ,{Mt,v),v) v <C(t)\\vf H -c(t)Mv+f(t), 
with 

f{t) := ^/(t) + + Mi _a (C ei + c(t) - eiC(t)) 

+ C £2 2 M p (CmII^IIf + /a/) + (2C(t) + C e3 // 2 z t 2 ) Hutll^. 

By pathwise continuity of Ut, fJ-t, Zt, local boundcdness of c(t), C(t) and since u. (w) G 
Lf oc (R; V) for all ui G f2 we have / € L ; 1 oc (R). By choosing £i,£2 small enough we 
obtain (H3) on [5, T] C ML For i 6 K such that itt(w) ^ V" the same calculation 
proves (H3). 

(HA): For »eF,we!l and tel such that u t (w) £ V: 
||A w (t7;)|| A ~ = 11^(4, /ij-^u + ut)) + /w^ t + M(u t )||^ T 

< C (\\n t A (t,^\v + u t )) W^ 1 + iix\zt\\\u t \\ v *)^ + \\M(ut)\\^) 
<C l xf I {c{t)^ a \\v + u t \\^ + f{t)) +C(fiz t \\u t \\ v ^ 

+ CC M Q\ut\\v + 1 ) 
<C(t)\\v\\% + f t , 

with 

f{t) := CuT 1 f(t) + CC{t)^f~^ a \Wt\\^ + C (nz t \\ut\\ v ,)^ + CC M i\\u t \\Z + 1). 

As before this yields (H 4) on [5, T] . For iel such that u t ^ V the same calculation 
proves (HA). 

Hence (Hl)-(HA) are satisfied for A u for each ui G SI and by Theorem IA.2I 
(applied to the deterministic situation) we obtain the existence of a unique solution 

a; u)x G Lf oc ([s, c»); 7) n 00); if) 

to (|2.8p for all (s,w,x) G K x SI x i?. By uniqueness for (|2.8p we have the flow 
property 

s; oj)x = Z(t, r; u)Z(r, s; w);r. 
By Proposition 1 1 . 91 the family of maps given by 

S(t,s; lo)x := T(t, u>) o Z{b, s; oS) o T _1 (s, w) 

defines a stochastic flow. 

(ii): Since T(t,ui)y is continuous in t locally uniformly in y, t n- S(t,s;uj)x is 
continuous. [3S1 Proposition 4.2.10] implies 

\\Z(t, s; u)x - Z(t, s; uj)y\\ 2 H < e c ^\\x - y\\ 2 H , 
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for bounded s < t. Thus x i— > Z(t, s;ui)x is continuous locally uniformly in s, t. 
Moreover, 

si;w)x - Z(t, s 2 ;ui)x\\ 2 H = \\Z(t, s 2 ; oj)Z(s 2 , si; u)x - Z(t, s 2 ;uj)x\\ 2 h 

< e c ^ S2 '>\\Z( S2 , Sl ;uj)x-x\\ 2 H , V«i < s 2 , 

which implies right-continuity of s h-> Z(i, s; w)x. This implies right continuity of 
s i— > iS(i, s; w)x and continuity of x i— >■ S^i, s; w)x locally uniformly in s, i. 

(hi): If A is (B(M)(8)B(y)®J", S(y*))-measurable then measurability of Z(t, s; uj), 
S(t, s; uj) follows as in the proof of [3UJ Theorem 1.1]. 

The same argument proves .F t -adaptedness of Z(t, s;uj)x if A is ^-adapted. 
Applying the transformation backwards then shows that S(t, s; ui)x is a solution to 

(iv): Assume that A(t, v;oS) is strictly stationary. Strict stationarity of zt and 
ut then implies A u (t,v) = Ae tU1 {0,v). By uniqueness for (|2.8p we deduce 

Z(t, s; uj)x = Z(t — s, 0; 9 s uj)x 

and Z(t, s; uj) is a cocycle. Since T(t, uj) is a stationary conjugation the same follows 
for S(t,s;ui). □ 

4.4. Existence of Random Attractors ( Theorem 12. 6|) . For 77 : O -> K + \ {0} 

let X' 7 ' be the set of all sets of subexponential growth of order t], i.e. {D(t, uj)} t £R^en £ 
V 71 iff 11^0(3,0^)11^ = 0(e^ s ) for s -> -co and all ui £ fi. Define B(x,r) := e 
if | || x — < r}. First, we will prove bounded absorption for the stochastic flows 
S(t, s; ui), Z(t, s; uj). 

Proposition 4.4 (Bounded absorption). Assume (Al)-(AA) and (V) with c,C 
being independent of time t and f exponentially integrable. If a = 2, additionally 
assume C < jy in (A3). Then there is an rj : f2 — > K + \ {0} and a T> n -absorbing 
family of bounded sets {F(t,ui)}teR,uiGQ for S(t, s;ui) and Z(t, s;ui) . More precisely, 
there is a function R : K x SI — >• R + \ {0} such that for all D £ T> n there is an 
absorption time So = so(D,t;uj) < t such that 

(4.28) Z(t,s;ui)D{s,ui) C B{Q, R(t,ui)), 

for all s < So, P- almost surely. 

Proof. Let tgR. From (|4.27|) and using the assumption in case a = 2 we obtain 

v*(AUt,v),v) v < -c(uj)n 2 t - a (uj)\\v\\ 2 H + f(t,u), 
for some c(ui) > and 

/(*,w) = C^ 2 (uj)f(t,uj) + C^ 2 - a (uj)\\u t (uj)\\^ + Cfxp(uj)(\\u t (uim + l) 

+ C{l + Z 2 (L0))\\u t (L0)\\ 2 H + Cfl 2 (L0). 

Hence, 

2 v ..(A,(*,«)+A*-8t(w)«,«) v < {-d(uj)fi 2 t - a (uj) +(J,z t (u))) \\v\\ 2 H + f{t,uj), \fv£V 
and for a.e. t > s we obtain 

— \\Z(t,s;u))x\\ 2 H = v *(A u (t,Z(t,s;uj)x) + fj l z t Z(t,s;u))x,Z(t,s;uj)x)v 
< (-~c{uj)^ 2 - a (Lu)+^z t {uj)) \\Z(t,s;uj)x\\ 2 H + f(t,u>). 

By Birkhoff's ergodic theorem and dichotomy of linear growth [1] Proposition 4.1.3], 
there is a subset Jlo Q Jl of full P-measure such that ^— J fiz T (ui)dT —> /jM[zo] = 0, 
lim t ^ ±00 -> and ^/'/i?-°(u)(iT ->• E[/^ _Q ] for s ^ -co and all w £ 
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£lo- Therefore, m(ui) = e^ Zt ^ is of subexponential growth and / is exponentially 
integrable, P-almost surely. Furthermore, there is an sq(uj) < such that 

1 /" 



t 



(-c{u))i4 a (uj) + fiz T (uj)) dr<-r](u)), 



for all s < so(w), u> £ f^o and some r\ : il — >• R \ {0}. Let Z? e 2? r ', e D(s,lu), 

i.e. there is a function C : Q ->• R such that \\D(s,uj)\\ 2 H e r i^ )s < C(ui) for all s small 
enough. For some sq = so(D,t;uj) using Gronwall's inequality we obtain 



||Z(t,s;w)Z>(«,w)|& < ||D( S ,o;)|| 2 ff e-^)(*-^ + / e^^f(r, oj)dr 

J s 

ft 
J s 

^ 4 - 29 ^ < CV)e-" Mt + f ° e- ,l{ul){t - r) f(r,u)dr 

J — oo 

ft 

+ / e^i-^i'r a ^+" z ^) dT f( r ,u))dr 



' So 

=: R(t,Lj), Vs < s , P- a.s., 
where finiteness of the second summand follows from exponential integrability of 

Since T(t, uj) is a bounded map of subexponential growth this implies bounded 
absorption for S(t, s; uj). □ 

Proof of Theorem \2.b\ (i): Compactness of the stochastic flows S(t, s; ui), Z(t, s; ui) 
follows as in [27] . 

(ii): We prove that Z(t,s;ui) is 2?-asymptotically compact. By Proposition 14.41 
there is an r\ : fl — > R \ {0} and a bounded X^-absorbing set F. Let 



:= Z(t,t- l;u)F(t- l,u>), Vi G R, wefi. 

Since -F(i — 1,^-0 is a bounded set and Z(t,s;u>) is a compact flow, K(t,uf) is 
compact. Furthermore, K(t,ui) is X^-absorbing: 

Z(t,s;u)D(s,u) = Z(t,t-l;ui)Z(t- 1, s;ui)D(s,ui) 
C Z(t,t-l;oj)F(t- l,ui) C K(t,ui), 

for all s < so, P-almost surely. By Theorem 11.71 and Theorem 11.101 this yields 
the existence of random 2? r '-attractors Az, As for Z(t, s; ui), S(t, s; uj) respectively. 
Restricting the domain of attraction of Az,As to the system of all tempered sets 
V thus yields the claim. 

(hi): Let now A be (£(R) ® B(V) <g> -F, 6(V^*))-measurable and c, C in (A3) 
be (J 7 , $(R))-measurablc. Then 77 in Proposition 14.41 can be chosen ( J 7 , i 
measurable and we define 

V := {{D n (t,uj) := B(0,e"MI*ln)} te H, wgn | n e n} . 

Then 



A z (t,u) = (J n(£>» t;< 



and Theorem 1 1 . 71 implies mcasurability of the random X^-attractors. 

(iv): Now assume A to be strictly stationary. Then Z(t, s;u>) and S(t,s;ui) are 
cocycles and K is a ^-absorbing compact set. Hence, there exist measurable, 
strictly stationary random 2? h -attractors for Z(t,s;uj) and S(t,s;uj) by Theorem 

ED □ 
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4.5. Stable equilibria (Theorem I2.7p . We will need the following 
Lemma 4.5. Let ft be a real-valued Brownian motion and q,t £ R. Then 

e q(Pr-Pt) dr f-a.s. for s -> -oo. 



Proof. Since s ^ / e^-^dr is increasing as s decreases, it is enough to prove 
divergence in probability. Observe 

,q<fi r {u)-P t {u)) dr = f e q(P r+t (u)-f3 t (u)) dr = I e qf} T {6 t w) 



The claim then easily follows from the Levy arcsine law. □ 

Lemma 4.6. Assume (V) and let A be Ft-adapted and satisfy (Al)-(AA), (A2 1 ). 
Then there is a set Qq C £1 of full P -measure such that 

\\S(t,s 2] cj)x-S(t,sv,u;)y\\ 2 H < ((| - l) X(cj) J* e (<*-*MM")-M»)) dr 

for all t A > s 2 > s\, u> G CIq. In particular, there is an J- -measurable continuous 
process rj : R x £1 — > H such that 

lim S(t, s]us)x = i~i(t, u)), 



s — > — oo 



for all x G H , t g R, P-almost surely. 

Proof. We consider an alternative transformation of the SPDE (|2.ip . Since S(t, s; u))x 
is a solution of (|2.1[) , 

Z(t,s;ui)x := p,t(u)S(t, s;oj)x, 
with ft t (o;) := e~^ t(w) satisfies 

/■^2 ^2 

^(^2, s; w)x = ^(ii, s; w)x + / fl r (oj)A(r, p, r (u))~ Z(r, s; uj)x)dr + / ft r o eJW^w) 
Z(s,s;w)x = e-^^x, 

P-a.s. for all t 2 > t\ > s (with P-zero set possibly depending on x, s). By (A2') we 
obtain 

^\\Z(t,s 2 ;uj)x-Z{t,s 1 ;uj)y\\ 2 H < -\(uj)fi t (uj) 2 ~ a (\\Z{t, s 2 ; u)x - Z(t, a i; u)y\\ty * , 
for a.e. £ > S2 > Si and by Lemma 14. II to conclude 

_ 2 i 

\\Z(t,s 2 ;u)x-Z(t, Sl ;uj)y\\ 2 H < ((^- 1 ) X ^)J ArM 2- ^ 

for all t > s 2 . Hence, 

||5(i,S2;w)x- S , (t,si;w)y||| f 
(4.30) / /Q \ /■* 



Vt > S2 > Si, 



P— almost surely. Since both sides of the inequality are continuous in x, £ and right- 
continuous in si, s 2 the claim follows on a P-zero set independent of x, si, S2,£. By 
Lemma 14.61 the right hand side converges to for s 2 — > oo and thus S(t, s;uj)x is a 
Cauchy sequence with limit rj(t,ui) independent of x. 
Letting s\ —> — oo in (|4.30|) then yields 



\\S(t 



_ 2 

,a;u)x-v(t,u)f H < f(f - l) A(«) jf e^M/M")-/^))^ , Vt > s, 
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P-almost surely. In particular, the convergence holds locally uniformly in t, which 
implies continuity of ?/. □ 

Proof of Theorem \2.7\ By Lemma l4.6l we may define 

A{t,ui) :={ v (t,u)}. 

We shall show that this defines a global random 2? 9 -attractor for the stochastic flow 
S(t,s;uj). Since r\ is ^-measurable, A(t,u>) is a random compact set. It remains 
to check the invariance and attraction properties for A(t,u). The continuity of 
x 1— > S(t, s;ui)x and the flow property imply that 

S(t, s; u))A(s, oo) = < S(t, s; uj) lim S(s, r; ui)x > = < lim S(t,r;u>)x> = A(t,u), 

for all t > s, uj £ fio- For any family of subsets D £ T> 9 we have 
d(S(t, s;uj)D(s, oj),A(t,uj)) = sup \\S(t, s,uj)x — rj{t, oj)\\h — ► 0, for t — > 00, 

i.e. v4(i,w) is 2? s -attractmg. Therefore, A is a random £> 9 -attractor for S(t,s;uj). 
The bound on the speed of attraction follows immediately from the respective bound 
in Lemma T4. 61 

If A is strictly stationary then S(t, s; uj) is a cocycle. Hence 

r)(t,ui) = lim S(t, s;u))x= lim 5(0, s — t; 6tuS)x = r](0, O^ui), 



s — > — oc 



on a P-zero set possibly depending on t. By [37J Proposition 2.8] we can choose a 
strictly stationary indistinguishable version of ?/. □ 

4.6. Random attractors for strongly mixing RDS (Remark 12.101 Theo- 
rem [27TT]). 

Proof of Remark \2.10\ By |16l Proposition 1] we know that for x < y, x,y £ H we 
have 

\\cp(t, 9- t -)x - tp{t, 9- t -)y\\ H ^ 0, for t -> 00, 
where denotes convergence in probability. Since x+ > 0, x this implies 

(4.31) \\<p(t,9-r)x-<p(t,6- r )0\\n A- 0, for f -> 00, 

for all x £ H. Let .4 be a weak point random attractor and [x, y] C iJ be an 
interval in iJ. Since is order-preserving, 

y?(t;w)[a;,j/] C [<p(t;uj)x,<p(t;uj)y], 

and thus 

diam(y>(i;w)[ar,j/]) < diam([<p(t;w)x,(p(t;w)y]). 
Since H + is normal we have 

diam([(p(t;uj)x,tp(t;uj)y]) < 2c\\<p(t;u)x - ip{t;u))y\\ H A 0, 

by ([PI]) . Hence, diam(y>(<; 6»_ t cj)[x, y]) A and 0- t u)x, A(oj)) A for all 

x £ H, which implies 

d{<p(t;0- t u)[x,y],A(u>))2*0. 

□ 

Proof of Theorem \2.11\ The proof relics on a modification of the proof of [161 
Proposition 2]. Since fJ,(V) — 1, we can find a sequence of compact sets K n C V 
such that fx(K n ) > 1 — 2~"~ 2 . By the assumptions on V we can choose f n ,g n £ PI 
such that K n C [/«,<?„]. Thus /«([/n> <?n]) > 1 — 2~™~ 2 . Now we can proceed as 
in |16[ Proposition 2] to prove the existence of an equilibrium v(lj). I.e. v : f2 — > H 
is an J^oo-measurable random variable satisfying (p(t, u))v(u>) = v(9 t oj). 
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Without loss of generality we may assume that <G K ni thus G [f n ,gn] for all 
n G N. As in [THl Proposition 2] we may then prove that tp(t, 9-r)0 —> v. By (|4.31[) 
this implies 

(4.32) tp(t, 6-f)x 4 v, for t -> oo. 

Hence, v is a weak point random attractor. 

By (|4.32p we have £((p(t,9_ t -)x) — > weakly. Hence, = £(«)■ Since 

n(V) = 1 this implies v(u>) G V, P-almost surely. 

Let now A be another weak point/interval random attractor. For each e > 
there is a compact set if e C V and f2 e C f2 such that C K £ for all w G Q e 
and P[fi e ] > 1 — £. Since V+ is f/-solid, all compact sets in V are attracted by A 
in probability. Thus, 

d(v{u), A{oj)) = d(ip(t; 9-tu)v{0- t u),A(u)) 

< d(tp(t; 6- t u)K e , A(u))), g 6 t Q e . 

Let S > 0. Then, 

P[d(«, > 5} < P[d(ip(t; 0-r)K e , A) > 5} + e < 2s, 

for all t large enough. Hence, v G A, P-almost surely and A is shown to be the 
minimal weak point /interval attractor. □ 

Appendix A. Existence of unique solutions to monotone SPDE 

We recall the variational approach to monotone SPDE (cf. [3"4"II32"Il4"3] ) . Let V C 
H C V* be a Gclfand triple, (CI, Q, {Gt}te\o,T]i P) be a normal filtered probability 
space and be a cylindrical Wiener process on some separable Hilbert space U. 
Further assume that 

A : [0,T] x V x n -> V*, B:[0,r]xFx!l4 L 2 (U,H) 

are ^-progressively measurable. We extend A, £? by to all of [0, T] x _ff x fi. 

Definition A.l. A continuous, H-valued, Q t -adapted process {X t } t £[o,T} * s called 
a solution to 

(A.33) dX t = A(t, X t )dt + B(t, X t )dW t 

if X G L a ([0,T] x fi;V) andP-a.s. 

A t = A + / A(r,A r )rfr+ / B(r, X r )dW r> Vi G [0, T]. 
Jo Jo 

We assume that there are a > 1, c, C > and / G L 1 ([0,T] x f2) positive and 
C/t-adapted such that 

(HI): (Hemicontinuity) The map s i— > y*(A(i, «i + sw2))W)y is continuous on R, 
(H2): (Monotonicity) 

2 y» (A(f , ui) - A(t, v 2 ), vi - v 2 ) v + \\B{t, Vl ) - B{t,v 2 )\\l 2(UH) < C\\v 1 -v 2 f H , 
(H3): (Coercivity) 

2 v ,(A(t,v),v) v + \\B{t,v)\\l mH) +c\\v\\v < h + C\\vf H , 
(H4): (Growth) 

\\A(t,v)\0 <C\\v\\$ + f t , 
for all vi, v 2 , v G V and (t, w) G [0, T] x fi. 
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Theorem A. 2 ( g3], Theorem 4.2.4). Assume (HI) -(HA). Then, for every X £ 
L 2 (Q,,Qq] H) (|A.33[) has a unique solution X satisfying 

E( sup \\X t \\ 2 H + / H^H^dr j < oc. 
\te[o,T] Jo I 
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